Introduction
The S 3 -symmetric Koide formula 1-7 that relates the charged lepton pole masses 
One verifies that (2) satisfies (1) by substituting (2) directly into both sides of (1) and summing over k. Then, by setting m equal to its physical value (3), one obtains (in units MeV). What is particularly interesting about the mass formula (2) is that it admits a physicalgeometrical interpretation along the lines of a Dirac-Goldhaber model [8] [9] [10] , as described in section 4 below. Here we note that the S 3 -symmetry in (2) is subsumed by the association ξ k = Re (1+ ! number z k is a root of the cubic equation z 3 = exp(2i/3). To interpret this physically, we first introduce a model-theoretic formalism that can accommodate lepton-quark structural states.
Modernized Dirac model
We assume that leptons and quarks are of finite size (smaller than ~ (1 TeV) -1 ) and have scaleindependent pole masses 11, 12 that are the eigenvalues of a positive-definite self-adjoint operator m, as originally proposed many years ago by Dirac. 8 Following Dirac's approach, we do not address fermion spin, quark color, or the interaction-based mixing of mass eigenstates, the running of the masses, nor the interaction-based transmutation of fermions. The latter are properties of leptons and quarks which must be described, along with their quantum statistical relativistic motion, by anticommuting fields in the established gauge-theoretic Lagrangian manner. Here we concentrate on pole mass and evoke the modern understanding that m must derive from a field theory successor to the standard model, and thus we do not make a priori restrictive assumptions regarding the form of m.
In such a modernized Dirac model, the pole mass eigenvalue equation takes the form
where the structural fermion states  Q; k are labeled by their charge numbers Q = (0, Exclusively focused on fermion pole mass, the modernized Dirac model must relate to, and eventually be deduced from, a fundamental field theory. Conversely, an empirical determination of m, or equivalently (m) 1/2 , may serve as a heuristic directive for establishing the underlying Langrangian field theory. Implied by the algebraic form of its square-rooted eigenvalues shown in (4) and in (6) below, the S 3 -parametrized mass operator m is presumably associated with a field theory that brings in the operators Q, k, the prefactor mass m in (2) and the small dimensionless constant ε in (6).
Extension of the S 3 -parametrized solution to quarks and Majorana neutrinos
Analysis of the quark pole mass data 13 and earlier empirical studies [14] [15] [16] yield the extension of (2) as
in which (m 1; k ) 1/2 is given by the right side of (2), the quantity
and Q = 1 k -5 for Q = 0
and ε ! " 6.58x10 -4 is a small dimensionless constant that effects neutrino mass. The generation number k in (2) is intrinsically S 3 -cyclical, for k acts modulo 3 outside its range; hence, with k ! " k(mod 3) = 1, 2, 3 understood in (7) , the S 3 -cyclicality is maintained in (6) via the quadratic term in in approximate agreement with neutrino-oscillation data. 17, 18 The Majorana character of neutrinos may be confirmed in the near future 19 , and refined measurements on neutrino oscillations may approach the mass values (11).
Physical-geometrical interpretation of the lepton-quark pole mass formula
From (2) and (6) we obtain
in which
There is an obvious physical-geometrical interpretation that can be given to (12) , along the lines of Dirac's and Goldhaber's proposals [8] [9] [10] for the structure of finite-size leptons and quarks in their rest frames. Specifically, (12) = exp(2i/3) for the Kählerian envelopment of the particle surfaces.
Within a generation the pole masses vary with  Q according to (14) , the dimensionless self-interaction energy density [8] [9] [10] over the spherical surface, here normalized with χ k (1) ! " 1.
In addition to the electromagnetic self-interaction energy 8 , (14) also embodies the strong selfinteraction through its baryon number surrogate 3Q(1-Q) = 2B and the weak selfinteraction through ε, as proposed by Goldhaber. 9, 10 This physical-geometrical interpretation suggests a geometrically-related tentative value 
